Abstract. We show an estimate of the number of eigenvalues in a neighbourhood of a finite part of the boundary of the semiclassical pseudospectrum of pseudodifferential non-selfadjoint operators in terms of a corresponding volume in phase space.
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Abstract. We show an estimate of the number of eigenvalues in a neighbourhood of a finite part of the boundary of the semiclassical pseudospectrum of pseudodifferential non-selfadjoint operators in terms of a corresponding volume in phase space.
For non-selfadjoint operators, the norm of the resolvent can be large even far away from the spectrum. Pseudospectra are regions delimited by the level curves of this norm, and for semiclassical pseudodifferential operators one may study those corresponding to any negative power of the semiclassical parameter h. For an introduction as well as generalities we refer to [1] , [2] , [3] , [14] , [15] .
In numerical calculations of the eigenvalues of some non-selfadjoint operator, an accumulation of these to the boundary of the semiclassical pseudospectrum has been observed ( [16] ), whereas the spectrum is known to be in its interior. This phenomenon has been a motivation for us to study in previous works the spectrum of perturbed semiclassical non-selfadjoint operators ( [6] , [7] ), where the norm of the perturbation is exponentially small in h. We found a two-dimensional Weyl law in a domain inside the pseudospectrum. This implies that in contrast to what could be expected from the numerical observation not all the eigenvalues are close to the boundary. We prove here a complementary result, showing a bound on the number of eigenvalues of the (perturbed) operator near the boundary, thus next to a region where one can get better resolvent estimates. This observation has already been used for estimates of the number of resonances in a neighbourhood of the real axis, see [9] , [10] , [11] , [8] , and we refer to the first work for a historical overview as well as more references. The techniques we apply here are very similar.
Introduction
We will work with the same symbol classes and operators as in [7] , and refer there and to [4] for a more detailed introduction. Let P = p w be the h-Weyl-quantization of some symbol p, acting in L 2 (Ê): at infinity means that this lower bound holds for all sufficiently large ρ ∈ Ê 2 . Assumption 1 guaranties that P may be defined as a closed operator with dense domain H(m) in L 2 (see [7] ), having a purely discrete spectrum in Ω for h > 0 small enough.
We call Σ(p) the semiclassical pseudospectrum of p w . In fact, under additional assumptions there is a dense open subset of Σ(p) where the resolvent norm is larger than any negative power of h, or exponentially large in the analytic case. We refer to [3] or [7] for these statements.
Here, we will give a bound on the number of eigenvalues of p w in a small strip around a finite part of ∂Σ.
(see, for example, [16] ). We have Σ = {Re z ≥ (Im z) 2 }, whereas one can see using a formal conjugation by e If one assumes the exterior cone condition, i.e., that there exist r 0 > 0, θ 0 > 0 such that for all z ∈ ∂Σ ∩ Ω, there exists θ(z) with 
Thus we obtain an estimate of the number of eigenvalues in a small neighbourhood of ∂Σ in terms of a volume in phase space. This result is (via a Neumannseries argument) easily adapted to a small perturbation, which yields the following corollary.
Corollary 2. Let p and Ω be as in Theorem
Before proving Theorem 1, we investigate the volume in (4) and find an explicit upper bound under some non-degeneracy assumption.
Explicit estimate in a non-degenerate case
For f, g ∈ C ∞ (Ê 2 ), the Poisson bracket is defined by
Let us start by showing that this implies that for all Ω Ω, p −1 (∂Σ ∩ Ω ) can be piecewise identified with isolated
, {p, p}(ρ * ) = 0, and concentrate on a neighbourhood of ρ * . H 1 2i {p,p} is a real non-vanishing vector field tangent to the set {ρ; {p, p}(ρ) = 0}. Therefore, for t small enough,
is an oriented curve contained in {ρ; {p, p}(ρ) = 0}, and 1 2i {p, p} is positive to the left of this curve, and negative to the right. p(ρ * (t)) is also an (oriented) curve, since
preserves the orientation to the left of ρ * (t) and reverses it to the right. Thus p(ρ) is on the left of the curve p(ρ * (t)), ρ ∈ neigh(ρ * (t)), and Σ is the union of such regions. Hence ∂Σ is given locally by the image under p of some curve of the form (7). p −1 (∂Σ ∩ Ω ) can be locally identified with curves of the type (7), and
The union of the regions to the left of the curves p(ρ * j (t)) leave a conical region in uncovered, with opening angle θ 0 = π − L > 0, which is the exterior cone condition; thus Assumption 3 implies Assumption 2. 
and Assumption 3 is fulfilled, then there exist C > 0 and 0 > 0 such that if
Thus in this case we obtain an explicit bound on the number of eigenvalues in some neighbourhood of the boundary, and it holds in particular for Example 1. D(0, 14 ) ) = Ω Ω, and the preceeding analysis applies. Let z * ∈ ∂Σ ∩ Ω , and let ρ *
Proof of Corollary 3. For small enough, ( Ω +
This means that H Re p and H 1 2i {p,p} are linearly independent at ρ * j . Thus any ρ in a small neighbourhood of ρ * j may be written as
, where t parametrizes (as in (7)) the position along the (possible) preimage of the boundary. We have
Using {Re p, {Re p, Im p}}(ρ * j (t)) = 0, we obtain
We can cover W ( ) + D(0, 14 ) by a finite number of such neighbourhoods; hence the same estimate holds for W ( ) + D(0, 14 ).
Proof of Theorem 1
We first establish the estimate in a small disc. 
Before proving the lemma, we finish the proof of Theorem 1 using a covering argument.
Proof of Theorem
which we will prove by a contradiction argument. Let us assume there is z ∈ W ( )
Thenz is as in Lemma 4, and
} is a family of disjoint discs as above, which contradicts the maximality of {D(z k , ), k ∈ K}. Using Lemma 4, we obtain 12 ) ) .
is contained in at most C discs. Therefore, using also
Proof of Lemma 4. Let z ∈ D(z 0 , 2 ). We construct an auxiliary operator having the same spectrum as p w in D(z 0 , 2 ), whose determinant is well defined. Since p is elliptic at infinity,
and is invertible if h is small enough depending on (see [7] ). Using the semiclassical sharp Gårding inequality (for P * P , see for example [4] ), we obtain that for z ∈ D(z 0 , 2 ): 
